This paper deals with the existence of nontrivial solutions of the following Kirchhoff-type equation:
Introduction and main results
In this paper, we investigate the multiplicity of nontrivial solutions to the following Kirchhoff-type equation:
where N ≥ , a > , b ≥  are constants and the potential V (x) satisfies the following condition:
Problem (.) is related to the stationary analog of the equation
which was presented by Kirchhoff [] to describe the transversal oscillations of a stretched string, where u denotes the displacement, h is the external force, b represents the initial tension, and a is related to the intrinsic properties of the string. Moreover, a nonlocal effect can also be applied in many biological systems. A parabolic version of problem (.) can be used to describe the growth and movement of a particular species. For more details of the background of problem (.), we refer the reader to [, ] and references therein.
In recent years, with the aid of critical point theory and variational methods, problem (.) have been widely studied by many authors since Lions [] proposed an abstract framework. More precisely, Wu [] studied the existence of nontrivial solution and infinitely many high energy solutions of problem (.) by using a symmetric mountain pass theorem. In [], Sun and Wu investigated the existence and the non-existence of nontrivial solution of problem (.) by using variational methods and explored the concentration of solution. Liu and He [] discussed the existence of infinitely many high energy solutions of problem (.) under superlinear case by variant version of fountain theorem. When N = , Li and Ye considered problem (.) with pure power nonlinearities f (x, u) = |u| p- u in R  . By using a monotonicity trick and a new version of global compactness lemma, they verified that the problem has a positive ground state solution that the result can be viewed as a partial extension of [] where the authors studied the existence and concentration behavior of positive solutions of problem (.). In addition, other interesting results on the related Kirchhoff-type equations can be found in [-] and references therein. However, in a large number of the above works, the authors considered the corresponding problem for the superlinear case. Compared to the superlinear case, there are few papers concerning the case where f is sublinear as |x| → ∞. For example, the authors in [] studied problem (.) with the sublinear case. By the genus properties in critical point theory, they showed that the problem has infinitely many nontrivial solutions.
Motivated by these facts, in this paper, we will study the multiplicity of nontrivial solutions to problem (.) with the sublinear growth. But the main tools we use in the present paper are the Morse theory and Clark's theorem, different from [] . Now, we are ready to state the main results of this paper.
Theorem . Assume that condition (V) holds and let the following conditions be satisfied.
where
Then problem (.) possesses at least two nontrivial solutions.
Theorem . Assume that all the conditions in Theorem . are satisfied. In addition, the following condition holds.
It is easy to see that (f) is still satisfied if the following condition, (f ), holds.
Therefore, a direct result of Theorems . and Theorem . is the following corollary.
Corollary . Consider Theorem . and Theorem .. If the assumption (f) is replaced by (f ), then the conclusions still hold.
Remark . There are some functions satisfying the conditions (f)-(f). For example, let
Clearly,
, and set
Thus (f), (f), and (f) are satisfied
Here, we give the sketch of the proof. First of all, by virtue of the local linking method [, ], we see that the critical group of functional J at  is not isomorphism with , that is, C q (J, ) . This means that  is a homological nontrivial critical point of functional J. And then, using the three point theorem [, ], we prove that problem (.) has at least two nontrivial solutions (Theorem .). Further, on the basis of Theorem ., we prove that problem (.) has k ( ≤ k < ∞) distinct pairs solutions by Clark's theorem (Theorem .) when functional J is even.
The sequel of this paper is organized as follows. Some preliminaries are presented in Section  while the proofs of our main results are delegated in Section .
Preliminaries
Throughout this paper, C and C i denote positive constants, which may vary from line to line, → ( ) denotes strong (weak) convergence, B R denotes the ball of radius R and E * denotes the dual space of E.
We will work in the following Hilbert space:
which is equipped with the inner product
and the associated norm
As usual, for  ≤ p < +∞, let is compact for  ≤ p <  * , where B r = {x ∈ R N : |x| ≤ r} and
Just as mentioned in Section , the proofs of our results are based on combining Morse theory, a critical groups computation with the minimax method such as the Clark theorem, and local linking. Hence, the following concepts and results are necessary.
Let X be a real Banach space and J ∈ C  (E, R).
Definition . (Chang [])
Let u be an isolated critical point of J with J(u) = c, c ∈ R, and let U be a neighborhood of u, containing the unique critical point. We call
the qth critical group of J at u, where J c := {u ∈ E : J(u) ≤ c} and H q (·, ·) stands for the qth singular relative homology group with integer coefficients.
We say that u is a homological nontrivial critical point of J if at least one of its critical groups is nontrivial.
Proposition . (Bartsch and Li []) Let  be a critical point of J with J() = . Assume that J has a local linking at  with respect to X
= W  ⊕ W  , k = dim W  < ∞, that is, there exists ρ >  small such that J(u) ≤ , u ∈ W  , u ≤ ρ and J(u) > , u ∈ W  ,  < u ≤ ρ.
Then C k (J, ) , that is,  is a homological nontrivial critical point of J.
Definition . We say that J ∈ C  (E, R) satisfies the (P.S.)-condition if any sequence {u n } in E such that
has a convergent subsequence. 
Proposition . (Zhang and Li []) Assume that J satisfies the (P.S.)-condition and is bounded from below. If J has a critical point that is homological nontrivial and is not the minimizer of J, then J has at least three critical points.

Proofs of main results
In this section, we are in the position to prove our main results. To this end, we need the following lemmas.
Lemma . Assume that (V) and (f) hold. Then the functional J(u) : E → R defined by
is well defined and of class C  (E, R) and
Furthermore, the critical points of J(u) in E are the solutions of (.).
Proof We divide the proof into three steps.
Step . We first show that J is well defined on E. It follows from (f) that
By (V), (.), and the Hölder inequality, for any u ∈ E, we get
Thus, J(u) is well defined on E by (.) and (.).
Step . We are in a position to show that (.) holds. By (f), for any u, v ∈ E, l ∈ (, ), θ (x) : R N → (, ), and the Hölder inequality, we obtain
Then it follows from (.), (.), and Lebesgue's dominated convergence theorem that
which implies that (.) holds. Moreover, by a standard argument, it is easy to show that the critical points of J(u) in E are the solutions of problem (.) (see for example []).
Step . We finally show that J (u) is continuous. According to (.), it suffices to show that
We shall show that
To this end, arguing by contradiction, suppose that there exist a constant ε  >  and a subsequence (also denoted {u k }) such that
, passing to a subsequence if necessary we can assume that
. For all k ∈ N and by (f), we have
Then combining (.), (.), (.) with Lebesgue's dominated convergence theorem yields
which contradicts (.). Thus, (.) holds. For all given v ∈ E, one deduces from (.), (.), and the Hölder inequality that
as k → +∞, implying the continuity of . Hence, J ∈ C  (E, R). The proof is completed.
Lemma . Assume that the conditions (V) and (f) hold, then J(u) is bounded from below and satisfies the (P.S.)-condition.
Proof Firstly, we show that J is bounded from below. By (.), (f), and the Hölder inequality, we have
Consequently, J is bounded from below. Next, we prove that J satisfies the (P.S.)-condition. Assume that {u n } ⊂ E is a sequence such that (.) holds. Then by (.), there exists a constant M >  such that
(  .   )
Going if necessary to a subsequence we can assume that u n u  in E, then u  ≤ M. Hence, using Lemma . implies that
By (f), for any given ε > , we can choose ρ >  such that
It follows from (f), (.), (.), and the Hölder inequality that there exists n  ∈ N such that
for n ≥ n  .
On the other hand, combining (.), (.) with the Hölder inequality yields 
